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Abstract 

We explore a connection between generalized uncertainty principle (GUP) and modified 
Horava-Lifshitz (HL) gravity. The GUP density function may be replaced by the cutoff 
function for the renormalization group of modified Hofava-Lifshitz gravity. We find the 
GUP-corrected graviton propagators and compare these with tensor propagators in the HL 
gravity. Two are qualitatively similar, but the p 5 -term arisen from Cotton tensor is missed 
in the GUP-corrected graviton propagator. 
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1 Introduction 

Recently Hofava has proposed a renormalizable theory of gravity at a Lifshitz point [I], 
which may be regarded as a UV complete candidate for general relativity. At short dis- 
tances the theory of z = 3 Hofava-Lifshitz (HL) gravity describes interacting nonrelativistic 
gravitons and is supposed to be power counting renormalizable in (1+3) dimensions. Re- 
cently, the HL gravity theory has been intensively investigated in [2J [31 SI El El El Hffl 
QIlQSIiaCHlQiSQIlCnOT cosmological applications 

in [281 129], and its black hole solutions in [30l [3T| [32] . 

It seems that the GUP effect on the Schwarzschild black hole is related to black holes in 
the deformed Hofava-Lifshitz gravity [33J . We could not confirm a solid connection between 
the GUP and the black hole of modified Hofava-Lifshitz gravity, although we have obtained 
partial connections between them. 

However, it was known that the generalized uncertainty principle provides naturally a 
UV cutoff to the local quantum field theory as gravity effects [34j [35] . 

It is known that the UV-propagator for tensor modes iy take a complicated form Eq. 
(]49p including upto p 6 -term from the Cotton bilinear term CijCij. At low energies, the 
UV-propagator may reduce to a conventional IR-propagator as Gm(u,p) = l/(w 2 — c 2 ^ 2 ) 
for z = 1 HL gravity. It is very important to understand why the UV-propagator takes a 
complicated form in the non-relativistic gravity theory. 

In this work, we investigate a connection between GUP and modified Hofava-Lifshitz 
gravity. The GUP density function may be replaced by a cutoff function for the renormal- 
ization group study of modified Hofava-Lifshitz gravity. We find GUP-corrected graviton 
propagators and compare these with UV-tensor propagators in the HL gravity. Two are 
similar, but the p 5 -term arisen from Cotton tensor is missed in the GUP-corrected graviton 
propagator. This shows that a power-counting renormalizable theory of the HL gravity is 
closely related to the GUP. 

2 HL gravity 

Introducing the ADM formalism where the metric is parameterized (36] 






(1) 



the Einstein-Hilbert action can be expressed as 
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where G is Newton's constant and extrinsic curvature Kij takes the form 



Here, a dot denotes a derivative with respect to t. An action of the non-relativistic 
malizable gravitational theory is given by [T] 



S HL = / dtdTx 



Ck + A 



where the kinetic terms are given by 

2 ,-,„.,. 2 



Ck = — VgNKijQ ijkl K k i = — ^.vf/V,, /^ - XK 2 ), 
with the DeWitt metric 
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and its inverse metric 



G ljkl = l(g lk 9 jl -9 ll g jk )-X^g kl 



Qijhl = « (dikOji - 9il9jk) - n\ _ -, 9ij9kl 



2 yziK^jL situ j . 

The potential terms is determined by the detailed balance condition (DBC) as 
~2 ( Jl.,2 



Cv = -^V9NEVg ijM E kl = Vgiv| 8( ^ 3A) (j-^E 2 + A W R - 3A 2 W ) 



Here the E tensor is defined by 

& = - % (W - ^g* + A w g 



with the Cotton tensor Cjj 



e iM f 1 A 



V9 

Explicitly Ey could be derived from the Euclidean topologically massive gravity 

E ij _ 1 SWtmg 
\[9 $9ij 

with 

W TMG = ^J ^xe^^djF 1 ^ + |rSr5 m r)g,) - » j d 3 x^(R - 2A W ), 



where e lkl is a tensor density with e 123 = 1. 

In the IR limit, comparing Cq with Eq.([2]) of general relativity, the speed of light, 
Newton's constant and the cosmological constant are given by 



«V / A w K 2 3 

~VI^3A' G "32^' A -"2 A ^- (13) 



The equations of motion were derived in [28] and [30]. We would like to mention that the 
IR vacuum of this theory is anti-de Sitter (AdS4) spacetimes. Hence, it is interesting to 
take a limit of the theory, which may lead to a Minkowski vacuum in the IR sector. To this 
end, one may deform the theory by introducing "/i 4 i?" (£y = Ly + ^fgN^R) and then, 
take the Ajy — > limit [31] . This does not alter the UV properties of the theory, while it 
changes the IR properties. That is, there exists a Minkowski vacuum, instead of an AdS 
vacuum. In the IR limit, the speed of light and Newton's constant are given by 

C 2 = U^, G=—, A = l. (14) 
2 32vrc v ; 

3 GUP 

A meaningful prediction of various theories of quantum gravity (string theory) and black 
holes is the presence of a minimum measurable length or a maximum observable momen- 
tum. This has provided the generalized uncertainty principle which modifies commutation 
relations between position coordinates and momenta. Also the black hole solution of mod- 
ified HL gravity reminds us the Schwarzschild black hole modified with GUP [33]. Hence, 
we make a close connection between GUP and Hofava-Lifshitz gravity. A commutation 
relation of 

[x,p\=ih(l + p 2 f) (15) 
leads to the generalized uncertainty relation 

(16) 



Ax An > - 
F ~ 2 



1 + a L 



" h 2 

with l p = GTl j(? the Planck length. Here a parameter a = H\/]3/lp is introduced to 



indicate the GUP effect. The Planck mass is given by m p = \JficjG. The above implies a 
lower bound on the length scale 



Ax > (Ax) mim w HVP = al p , (17) 
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Figure 1: Density functions for regularization of a LQFT as function of p 2 with (3 = 1. 
The dashed line denotes "arbitrary uniform density function" as the UV cutoff l/vT? = 1 
for p 2 £ [0, 1] required by hand, while three curves represent the GUP density function in 
Eq. (|20p for D = 1, 2, and 3 from top to bottom. These curves cut effectively off the integral 
beyond p = l/y/~j3. 

which means that the Planck length plays the role of a fundamental scale. On the other 
hand, Eq. (|16p implies the upper bound on the momentum as 

Ap < (Ap) max » * = ™5? (18) 
VP a 

Importantly, it was known that the generalized uncertainty principle provides naturally a 
UV cutoff to the local quantum field theory (LQFT) as gravity effects [MIES]- The GUP 
relation of Eq. (| 15 j) has an effect on the density of states in D-dimensional momentum space 
as 

d D pV D ((3f), (19) 
where a density function (weight factor) V^^p 2 ) is defined by 

" (i+W- (20) 

As is depicted in Fig. 1, this function cuts effectively off the integral beyond p = 1/vT^- 
Due to strong suppression of density of states at high momenta, a relevant quantity will be 
rendered finite with l/v^p 5 acting effectively as a UV cutoff. We wish to mention that this 
function may be related to the Cotton-term of CijC lJ in Eq. ([8]) because the latter contains 
a sixth order derivative. We note that the arbitrary uniform density function is introduced 
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by hand and thus, the physics beyond the cutoff (p 2 > l/yf/3 = 1) never contributes to a 
relevant quantity. 

The right-hand side of Eq. (|15p includes a p-dependent term and thus affect the cell 
size in phase space as "being ^-dependent" . Making use of the Liouville theorem, one could 
show that the invariant weighted-phase space volume under time evolution is given by |34j 

d D xd D p 

where the classical commutation relations corresponding to the quantum commutation re- 
lation of Eq. (|15p are given via [A, B]/ih — ► {A, B} by 

{xi,Pj} = (1 + (3p 2 )5ij, {Pi,Pj} = 0, {xi,Xj} = 2(3(piXj - pjXi). (22) 

Actually, 1 / plays the role of a UV cutoff A of the momentum integration as [35] 

TP (23) 

As a concrete example, by assuming that the zero-point energy of each oscillator is of 



Twj/2 = hy/p 2 + m 2 /2, the cosmological constant is calculated to be 
(fip \^/p 2 + m 2 i f°° p 2 dp 



AooW = J (TTW ^^—i = 2 * L (TT#F^ p2 + '" 2 = W mm ) ' (24) 

with /(0) = 1 and H = 1. Then, one obtains the cosmological constant for the massless case 

Acc(O) = ^ -> f A 4 . (25) 
Finally, the GUP commutation relation in Eq. (|15p can be extended into [37] 

[x,p\=ihe^, (26) 

which includes all order corrections to the Heisenberg uncertainty principle. In this case, 
the density function is given by an exponential function [38] 

VfliP?) = "i- (27) 



4 Cutoff function for a relativistic theory 

It is well known that even the simplest local quantum field theories (LQFT) are useless 
because the answer to any loop calculation is infinite. A standard example is the 1-loop 
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Figure 2: The linear source term is constrained to J(p) = for p > Ar so as to only excite 

- p 2 - 



2 

Green functions with low energy. The quadratic term contains a cutoff function /C(^) with 



the property that /C = 1 for p < A and then falls off smoothly to zero for p > A. 



correction to the mass in scalar \6 [39 



* 2 A 2 f d A p 1 



2 y (2vr) 4 (p 2 + m 2 ){{p + q) 2 + m 2 ) 

/°° di» 
y = oo (29) 

with p 2 = p^p^ and a constant C. The reason why we have this meaningless result is 
clear because of integrating all the way to infinity in momentum space. One way to avoid 
infinity is to introduce a UV cutoff A. However, we run into trouble with LQFT, because 
a regularized theory is no longer unitary since we "arbitrarily" removed part of the phase 
space (by hand) to which there was associated a non-zero amplitude. In order to find 
an appropriate situation, we wish to probe the system at some energy scale Ar namely, 
incoming momenta in Feynman graphs obey p < Ar, while keeping A 3> Ar. If we can 
make all physical observables at Ar independent of A, then we can safely take A — ► oo. It is 
convenient to parameterize the energy scale using an RG "time" parameter flowing towards 
lower and lower energies 

A(t) = A(0)e _ *. (30) 
Let us demand that changing the cutoff A leaves the partition function invariant as 

d t Z[J] = 0. (31) 

Then we could define the partition function of a LQFT by 

ZW = M (32) 
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where 

I [J] = f [d<f>]e-( So+Sl+Sj \ (33) 



The action is composed of linear source term, quadratic kinetic term and polynomial inter- 
action term as 



Sj = I (04 J ^ A R)^(-P)' ( 34 ) 



50 = 2 J W¥ Hm ~ p) ^y (35) 

5 1 = J2 J J2^4 ' ' ' Jp^^^lP^dnipx, ■ ■ ■ ,Pn, A)^(pi) • • • 0(p„), (36) 

where A(p 2 ) is the inverse propagator in four-momentum space. That is, A(p 2 ) = p 2 + m 2 
for a massive scalar field. Here we include a source function J{p) and a smooth cutoff 
function lC(p 2 /A 2 ) with specific properties as was described in Fig. 2. From Eq. (|35p . a 
relativistic propagator could be derived to take the form 

A^ 2 )- 1 x JC(^). (37) 

We mention two important properties: dtfC ■ J = because they have disjoint support and 
dtJ(p) = because J depends only on A#. Finally, using these properties, one arrives at 



dt(e- Sl ) = "J i^i^T^TTh-^ 81 - (38) 



1 /• d 4 p Qt/C (5 5 
2J (2vr) 4 A(p 2 ) 500) ty(-p)' 

Eq. (|38p describes the infinitesimal change of the interaction Lagrangian upon changing 
the UV cutoff A. This dependence of the coupling constants on the cutoff A is called the 
"RG flow" . A procedure of decreasing the cutoff on \p\ infinitesimally from A to A — 5 A is 
called integrating out a momentum shell. We note that no infinities are encountered here 
because all the momentum integrals are done in an infinitesimally finite range. 

Finally, we propose that the cutoff function IC(p 2 / A 2 ) for a relativistic theory can be 
replaced by the density function Dj^ifip 2 ") for a non-relativistic gravity theory: 

JC(p 2 /A 2 )^V D (f3f). (39) 

This is quite reasonable because two functions play the similar role in suppressing high 
momenta (UV region). 
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5 Propagators of HL gravity 



We wish to consider perturbations of the metric around Minkowski spacetimes, which is a 
solution to the z = 3 HL gravity (H|) 

9ij = $ij + whij, N = 1 + to, N{ = wrii. (40) 

In order to have tensor propagator, it is convenient to use the cosmological decomposition 
in terms of scalar, vector, and tensor modes under spatial rotations SO(3) [ID] 

1 . 

n = — A, 

m = 3iB + Vi, (41) 
hj = ipSij + didjE + 2d(iFj) + %, 

where d l Fi = d l Vi = d l tij = ta = 0. The last two conditions mean that tij is a trans- 
verse and traceless tensor in three dimensions. Using this decomposition, the scalar modes 
(A, B,ip, E), the vector modes (Vi,Fi), and the tensor modes (tij) decouple completely 
from each other. These all amount to 10 degrees of freedom for a symmetric tensor in four 
dimensions. Hereafter we consider tensor modes only. 

5.1 Tensor modes 

The field equation for tensor modes is given by [23] 

H] ^ % i 16 3 Aw 2 3 4 W 4 % i ~ v ^ > 

with external source and the Laplacian A = d 2 — > — p 2 . We could not obtain the 
covariant propagator because of the presence of e-term. Assuming a massless graviton 
propagation along the x 3 -direction with p = (0,0, ^3), then the £y can be expressed in 
terms of polarization components as [27] 



(43) 



ft+ t x o\ 

tx -t+ 
\ 0/ 

Using this parametrization, we find two coupled equations for different polarizations 

h-^At + + ^AH + + ^A 2 t x -^AH + = T + , (44) 
t;-^At x+ ^A^ x -^ 3 A^ + -^A3 ix= T x . (45) 
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In order to find two independent components, we introduce the left-right base defined by 

h L/R = ^=(h+±ih x ) (46) 

where /il(/ir) represent the left (right)-handed modes. After Fourier-transformation, we 
find two decoupled equations 

- uH L + cYtL + ^f(f) 2 t L - ^PsifftL + ^ifftL = T L , (47) 

-uH R + c?ft R + ^f(f)h R + ^Ps(f) 2 t R + ^(fftR = T R . (48) 
We have UV-tensor propagators 

J R 

We note that the left-handed mode is not allowed because it may give rise to ghost (— ^i^i P^ip 2 ) 2 )-, 

while the right-handed mode is allowed because there is no ghost ( ^y pz (p 2 ) 2 )- Finally, 
we have UV-propagators in the Lorentz-frame with = 0, 0,^3) as 

t L/R — -~ 2 2 2 c 2 k 2 4 _i_ c 2 k 2 5 c 2 k 2 6 ' 
W ~ C ^3 ~ 8^3 ± 2^P3 ~ 2^P3 

5.2 GUP-corrected propagators 

Here we propose that the GUP-corrected tensor propagators may take the form 

G 1R (u,p) xV D (pf), (51) 

where the IR-propagator Gin(io,p) is defined by 

G m (u,P) = 2 1 (52) 



For D = 1, its form takes 



tjDGUP = _ Gm{uJ ^ xVi{l3f)Tt __ >Jj 



2 -c 2 (l- ^#)# " C 2 /? 2 ^) 2 



(53) 



which may be related to the propagator of z = 2 HL gravity defined by the Einstein gravity 

W EG = H J d z x^g\R - 2kw\ ■ (54) 



10 



The D = 2 GUP-corrected tensor propagator is given by 



Ti.. 



T ■ 



(55) 



where scaling dimensions are given by \J3] = —2, [w] = 3, and [c] = 2. This may be related 
to UV-tensor propagator ([19|) for z = 3 HL gravity because the highest space derivative is 
sixth order. At this stage, it is not clear why the D = 2 GUP-corrected tensor propagator 
take a qualitatively similar form like UV- tensor propagator of z = 3 HL gravity except the 
p 5 -term. We conjecture that this may be possible because the z = 3 HL gravity originates 
from the detailed balance condition. Finally, the D = 3 GUP-corrected tensor propagator 
is given by 

tf GUP = -G lR {u,p)*V ? A(3f)T, l3 - 



13 mV -*W>-» (w 2 - C 2p2)(l+^)3 

= ill (56) 

U 2 _ C 2 (1 _ M^)^ _ 3c 2 (/? _ ^!)(p2)2 _ c 2 (3/? 2 _ ££)(02)3 _ ^3(^2)4^ 

which may be related to the UV-tensor propagator in z = 4 HL gravity because the highest 
space derivative has eighth order. The z = 4 HL gravity was constructed, through the 
detailed balance condition, from the new massive gravity 



Wnmg = J dPx^fg 



(57) 



6 Discussions 



We have explored a connection between the GUP commutator of (|15p and the Hofava- 
Lifshitz gravity (a candidate of quantum gravity). Explicitly, we have replaced a relativis- 
tic cutoff function /C(-p-) by a non-relativistic density function T>£ ) ((3'p 2 ') to derive GUP- 
corrected graviton propagators. These were compared to a UV-tensor graviton propagator 
in the HL gravity. We point out that two are qualitatively similar, but the p 5 -term arisen 
from the crossed operation of Cotton and Ricci tensors did not appear in the GUP-corrected 
propagators. Also, it is unclear why the D = 2 GUP-corrected tensor propagator (not the 
D = 3 GUP-corrected propagator) takes a similar form from the z = 3 HL gravity. We 
conjecture that it may be related to the detailed balance condition. Even though our GUP- 
corrected propagator does not lead to a precise graviton propagator, this approach will 
provide a hint to understand quantum aspects of the HL gravity. 
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A key point to understand a connection between two seemingly different approaches 
is to recognize "effects of quantum gravity" . The GUP provides naturally a UV cutoff 
l/\ff3 to the LQFT as effects of quantum gravity through the density function Dd^p*). 
The modified HL gravity action is composed of higher space derivatives terms from the 
detailed balance condition like R 2 , i??-, RijCij and Cfj in addition to fi 4 R, to become a 
power-counting renormalizable quantum gravity theory. All these higher derivative terms 
modify the tensor propagator into the UV-tensor propagator in Eq. (|49p without ghost. We 
need a further study to justify whether there exists an exact connection between GUP and 
HL gravity. 

Consequently, we have shown that effects of quantum gravity are imprinted on the GUP, 
which may explain the UV-tensor propagator of the modified HL gravity. 
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